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/ juniar high aghcal a.nd in the -J-Dth graée.

It hs,s beeﬂ trad;tjlicgsl

.s*“;%

te ,"a th.e’, ,' ';& t.eacher has g\ssumga thgga prdpertie ar& ﬁbviaun V-

) ! _ ther‘é shguld be same' a&v‘sntage
i oy } TR A .
: __;nasideriﬂg tuget.her this gra({lp o clasely relst.ad s.nd a.ﬂglagaua T -y
""%prﬂperties and a‘bgerving ;-e ﬁticm ‘famang themi o L a YL
‘:'_:‘ﬁ_ = . . E ) ) - £ :
S8 f ThE Etuﬂi’) of'; some aspéc ,;,s ng ﬁcn—mﬁtrie geametry ha.s beeame’ E;pa.- L
ratamtheé‘atiealdiseiplinekm projective gemet.rf- ) méﬁ& ! |

geametry :l.l!lustraﬁes a prapert. cﬁ@a_cteristic of uch of. ma.thamat-iﬁ:s in ,' :

*Eba.t) it haﬂ it.s drigirz ih a very p:acticgl pra’blem but ‘has been develgped

&& 'a. way ,that seﬂes a.s* a. 'basis’ oF . BOMHE veﬁ ‘a‘bﬁst.rgct“mfgama;:‘ El tlﬁarxﬁ“

‘Ia T 3 R
"‘f’“ﬁéﬁié né:féd in‘the"text;material th‘eirigin of; lzfcjec ve- “gemetry is\ s
Lo t;;agea ta acméfaf he thinl:ing ftiats of \the Renaissance périﬂﬂ abaut
A B LS : 4L
> lg; S o ot

B ,/';’; } ﬁ, -




ot 3 geamstry pain‘t.a of:- curves b;ah c&‘ ba thainer:l ag agca o

dm:ed witﬁi:ut the usa af a sc% or any meagufgmmhgtsaavaﬁ . _—

Tha taaeher may finclrit helpful tc: regd ‘one of tha fallgwing.,.

qursnt, Eichard,_and Eefbert Rabbins.;ZHBAI 1s. MATHEMAIICS7,_03§grd

>y ess, l?Al.,ﬁ Gha.ptar IV.

i

- of Amerieg, 1930., Chibters 1, II, and IN. x ," - N
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. : & X : 4'1. « ‘ ’ . : i . L
:Hzar A l:LﬁE is Eaid t.a ba a Eet Qf pﬁi:it;gg -The alemqnts uf SRR

tﬁis:j_agt- grg pgintsér A, set ma.y hava na‘ alement snd ’be ealled gm

4- Al'ine ségment. is datarmineﬂ b? t.u:: If"‘i‘-;‘:fﬂf's on the 11""31 ”

e T J— S S

eﬁdpaiﬁtg af the segﬁent. Ha use. tha :uﬂea nf liné &@én‘t té

gt:aight Edg‘e or thé edge ai‘ 8 baol: or af a dgsk. _

ey ) ',[‘hefe is alvaya a third paint betﬂeen t\m peint.s on a: 15:13. ‘
B o 6 A point- on- a iine separates the line into three setg' ‘the paint, .
e . g,na %an-lines ieterminsd by the péint.. ; If 't.he paint. 13 j@ined,‘——_-
. : fo ighe set‘af pgints on a h&lf'-line we have a ray. The paint :I.E - |
A

ea'llea tbe enﬂgain’s Qf the rayi The interseetinn set ef tmse twc)

s ' rays an t.he 11:12 is the paint whicb is their cemmnn enapsint; Tw::

half-linLaeterminad by eue pt:::l.nt. gn ‘a 111:3 intersect in ’the empt.y set-

Linas on a FPoint

&

i

A '7- .Iust ag He agy "a paint lias on a llné,“n we alsp aay "g, 1:Lna 1j_es 5

&

% .  ona. pnint;. Ifl a plang a set af 1:!.1135 lies on a pain‘t.. A plane

i a"ur ide&l vay af tﬁinking about a flat surface iike a t.abla top.

A p;a.na 1s unlimited in extent. A & c
L ) e ,AAA‘ . . . . i'_,,-A‘ i . {!!‘ A ;

3 T8




‘ Al_'iﬂ{! Girelasgg trianglea

v eiéts are ai Q;cms. N o PR

figu;-ea like are a:lnpls clasad euﬁ'gs- o

o aimpla alaagd :u:va d;u‘tdas tha aat ::f painta in a pla.ne inm 3

o Eats- t.he pc! "S{s insids the cuﬂe, the pajﬂta t;utgide the Eur‘va,
'_,and tha gurve itself._ Tbe gurva 15 ealled the baundary of tha |

ingide and the gutside} If a pc:ini;, A,' s autsida a claasd

curve and a. po:u:rt., E, is ingida tha eurva, then the intaraectian ?
get af AB a.nd t-he curva ct:nta:].ns at least one elament. o
B ll- Clesed curves Hhi!:h are nct. gimple ei;jseééurve_s appegr tgg;‘aag—_
over. each ather, ]J.gé a fign,u‘e eight.mg L . .
Planga’nn a I.ine o R . 7 |
E 12, On a line ia a: gat af plgnea. 1If the interseetien set m‘.‘ t\m A
plgnésl is not the empt,y gat, ;H:. is a 1ine. He sgy a 1in§ 1195 -on -
; | a plane, or that a. pj.a;ae 1135 on a line, - V2 o : Pl
‘.lB; THQ lines which do. not bave the same direction El:lﬂ fcr wbich the St
Antersectdon set. 15 the empty set are c&lled sksﬁ 1ines. Thgy must e
iniiﬁerentplanes. - /\ 1 o o
Spaﬁialif'igxrea' ' N ', e N c

ll., A complete qusdrilataral ennsist.s of fcmr Jiﬁas ancl 31:: paints nn v

’ which the lines 11e 80 that on each line are thrgg of the six '

pﬂiﬂtg a::d on aar.: point are two af tha faur 1:11:35. A figu:ra can-r_w-_‘ ’
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Bglable t:) find the 1ﬁteraect,ioh sst ai‘ twa ‘or mare seta af Eaint.s _

; '\abla cs th:l.nk abﬁut tha paint&an a line a.s a aat

5 -
Y

thg uae nf th,e term 'empty set",

analine. T . s,
Racggnize line ‘segments and tggir andpﬂintsi o f’~.‘ R

Ee able to. idantify halfﬁlinaa, raya, ggg endpainta af rays “and ta 7iff;

dgtarmine t.ha mtersectien aatq af tua or mm*s s:i‘ thesa aets. Eﬁa\i
- f Hbatha triangle e Kﬂaw’ﬁhaf“an angla A8y - iv4*'*fi~:ff“’*":fiﬁfﬁ£
6. Use ths wgrd plana. carraetly.{ Be ablez t.ilk abaut. a set af —lines | A
R un g pnﬂ:lt- N IR e e *‘
7- BB a‘ble to ident.ify a one tc: one fcarrespandenge » partieularly a.mang
O Paints snd lines. '?5’ ‘ ST R
»"-S; I‘Jae t:ha vord curve Gcrrectlf - :‘j‘ L . . Xi E
S Be abl,.e to 1dent.ify simpla closed curvea: a.nd ta ta.l-k abgtt the R
' inside and t.ha gutﬁicie Df simpla claaad curves in a pla.na. - }
. : léi Ee able to identii‘y el@sad curves uhlgh a;‘e ndt simple clesed curves-é
- ll. Begagnisa that - «;1 a line is-a -sat- of- planss.—« ‘Be -able- to idant.iﬁ' ,,,,,
; - the intersecticm set of two or more plg.nga. : - L
-‘qg ) 12‘. Re:ﬂgnlze emples of sk.eu llnes. A A ) X

, 13. Ee able tn fullau direetians in drauing i‘igu::-ea no‘t. invalving matrig T
caneepts - ) o o L \
: . -7 o = : B



X mtias :Ln a atata, televisian pragrams., And_?fnum_befs.

%

e class te i‘ind tha in't.arsec’tian aet t:f tvc or maré aeta.

&

'_;;(*a) The alemsnts wh_,eh -are cam‘maﬂ tg the aat x:f mtﬂral 1 fbers

betwean 1? ana 5@ a.nd the set Qf nat.ural nmn’bers Hhich are-?; . S

,_ﬂ . 7

divisfble 1::3r§P o et

= i L

(b) 'l‘he girls in tha Toom. and thé pupils witl\in'aun ey si_-,_ oo

(e) The th:'ea ;bs- : Thé clties of papulat:gnn vér 20, DDQ in \y-:urw_ AT

o e state. '.ﬁ L
'jhe eitiea j.n ymu' atat.e uith firs‘t. letter g

%‘s -

“ . . :" c:f théir na.mas béfuré .T in, tﬁa alphabet.

' The eltiﬁs in’ YGUI‘ Et&te wh"‘ ch gre s@uth af e

l :-_,.t,g ,.fgr;nig._ line.ﬂ_h,,__., e e e e . ti v_f:..m,r...i ,; ~ - ,.!‘k N .(;._:_7 N

,Fanrscme__nﬁhthe a:smples of 1inc= segmerﬁ:s ask the clasa o identify
£ -
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O S

“a.. t:lghtly stret.ched telephane cable ’ uitg thg points. being uhéra the
. 1 . j
S cable ia fastene@ ta two pales, or between any. twa peles there might

be a ’bird Eit.ting on the ca'ble. Ask a number of qéatians about the

P
.0 v u;gbers which\are betueen Bua ratianal numberé'c Tl‘y ,ia emp;,sise
:!-',;-vv_.‘- . it PR B

g that the caﬁcept -of paints on a lige isg quit.a similar tﬁ the ccm- ’

cept af an’ ;lnfinita set éﬁ num’bersﬂ ’ ‘ L i ] )

IR é Drau on the blackhaard a numbar of J.inas, mark pgints an‘,them ant

i
- ) N [

pai‘nt gut half—ldnes ’ rays ’ a.nd endpcints. AEE why the ’berm hgli‘-==;

-

1ins can be used. We Jpre af course sare in uaing this t.erm sinca
' no one aa.n evar meegure or compare t\m half-iinas ta ‘see if théir
o lengtha are equal.- Have ehildran tome ta the{blacgbaardsta i,lus—,if,

.

trata these terms . Giva ahmples and ask the children ta gjse
_' et.hers of the use cf the term “rg.y“ in 1ife-: In aach ;:gs ;;dentify

‘the éndpafmf af tl‘%gaﬁy. *«Aég questians duriég alt Qf fha" :

ion qbcut tha iﬁtarsacti i:f“ -satg of t 7
a ray and a halfrg ,fhe intersec:tian sat of a raY azd
Qﬁﬂ ;:hich it lie:‘s? is of gourse the ray itself. Includa in your’
questlaning axamplea of this kind. Discuss some of thg e:érﬂisas.

§ 4in class.

i

7. One of the purpaaes of this unit is to devel@p use of vaeabulkry

-

“and to encourage the disposition and ability to make aimple, dir—eat B

4 gtatements of mathematical propertieg. Pupilas should be Stfangly

encouraged to use expressions like "a point lies on a line" and "a
line lies on a point." The language of sets Ehauld alse be used
. *avﬁegavér possible. Ccnaidaratinns up to this point have been in , .

Qne .dimension. Dna can use the example of a bug graﬁié.ng on a

ui;-e or samething ai‘ this l:ind fﬁr thq line, and then ehsgga to

“life émplea in which movement is reatrlcted tc a flat suri‘aca, )
3 )_ [ = R ) .

-~
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B twé diﬁehsiéﬁs. If pgssible make use af the soap film and a Hire

£rame ginsa égia m@re,néarly appraachaa the matbematic;ﬁ 's iﬁeaunff
‘ e P 2PE .
a.- Pl&ﬂE * » ., . *

\ s # e i

;}.3; If gupils hava nat hﬁ% axperience with one to one earfeapgndanca
| “1 Hith numhers it uill he wall to talk about e:am;les uith numhérs
befare making reference to tha sata on pcint and or a line. Some'
: students may bring up the notion that éfi line of thiﬁset on A uhi:h
i'}qgﬁggallel to the liné on which a EQTTEEPDBQEQEE uith paints iS'ta
' be_eatgblished; will not intersect the line and hence there will be
one ezceptian in the one to one carrespandeneé. If thia‘eameé ﬁp
; tha teacher might mentign that in projeotive genmatry Hhere thége -
cnrrespandences play an impﬂrtant part, aqg assumes thgt pgggllel
. linas meet in an "Ideal" point and only one sgeh point, in order
" to maintain thg one to one correspoidence. Parallel 113&53323 not -
o menticnad in the text matarial since this involves a metric
praperty- If "parallel“ is brought into the discussion by the ’
sézggﬁts‘ﬁha special cases might well be explérsd to same eztEEt
“and it-shaula be pointed out that these cases will be treated In . v
de£ail in a later unit. There would be no harm. ifffhe ;igég HiBhE@?
to assume that parallel lines meet in an ideal pgint. :
-Qa, Emphasige our broad use of the word ¥ ourve” and that a straight
;JJ ; lins 18 one kind af curve.
; ilai As gaametry has been traditionally taught concepts of closed curves
L and the 1ﬂsida and outside of a curve have not had a very impcriant
rale- Hauever these are very useful notions when the sat 1anguaga

‘s uséd in discussing triaﬁglsa, area, and anglas for e:ample. Di -

. tinetigns betveen simple clpsed curves and closed curves should be

gt g e e e ez n g Eots

— i

madg aﬂly by a:ampla uith no attempt m&dg to paint eut aome nf the
l4d .

- o ) . .
. . )
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diffieultiaa inherent in eurvas 1ike the figurs eight. The tgaehér k

'ise a circle is actuglly a metr{g concept. However,

ﬁﬂsince & cirele %@ a simpla clased curve so0 -useful in examples it

*”%Eé been-braught inta eansideratign hare. Any ather simplg clasad

- eurvea 11&3, (::5 ) Hauld of eeurae be just as useful rar our

i ,-interséetien set of A B and the curve ccntains at 1east one element 3

-purpcsaa but we don't have familiar names for them. Tha natinn

. that "if A is Qutside Eimple closed .curve and B 1is inside, the

is an impartant idea and many quaatianﬁ should be ggked gheut this

relatianship. The concept that a line Hhich does nat 1ie on tva

vertices has at most two points of intarsaetian Hith a tfisagle, as -

we define a triangle, will come up in later considerations of

. geometry and hence should be made entirely clear.‘ 

13.

' skew lines are discussed. Parallel lines are not skew lines. One.

¥

" the other cnnsidaratiens up to thig paint. Mﬂdgig@gili be iéry

ha;pful to many children. Pupils ahaulﬂ be éﬁe§uzag§dlta,maka
their own models. The teacher can use ﬁié own judémgnt about N
encouraging the drawing of figures répiésgpting intersa&ﬁiﬁg piﬁggs.
This may be helpful to some. Emphasige the analogy between lines
on a point and planes on a line, also that the intersection set, af
two lines is a paint and that the intarsacticn set of two planéa

is a line, Seek opportunities to make aﬂalngaus or “parallel“
statements like this. |

The question of parallel lines will probably come up again when

A

!

aéke;il;;‘cgﬁggg;ﬁé_;é;:LJE;owdﬁQamux:»A~**~ [ S

=

’ quk”uith planés'iia lines in 5paeé is often more difficult tham
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T

distinctien whieh ‘might he pointed out is that twq parallel 11nea
11ke twn igterseeting lines lie in a ecmmcn plane, “or determine a

plane TWE ‘skew 1ings do npt lie in a common plane and do not,

ié e a piane; You should puint\i:t that some of the edges of
a éhalk bax, for example, are skew lihes in pairs, and athefs are

| parallel in pairs (cr groups of h). A camplete aiscusaian Qf tnis
=~ .

Eituaticﬂ ?aulﬂ be helpful, s o » ‘
;h !ﬂu prﬂbably will not want to teach the Bégtigﬂ on Special Figures -
%ﬁ} to al?ﬂlapils. Pupils may not be able to see the sigﬁifieange Qf the iE:-=
‘ccmplete qpadrilateral and the Desargues chfiguratiag but tb&y
sbnulﬂ enjay working with these figures, anﬂ if they da, théy will
gain valuable experience with-the cf 1agguage and méy come to see
tbe heauty of figures in which éﬁ point or line haa\é\special rcle-=

i

; Tt-may be. interesting to the brighteit*pupils to observe that the — -

i cmpiete qpaﬂrilateral is the section ?E?é complete h—plane in space -.
by a fifth Eiéne, and that the Deaargues canfigurgtian 15 theggectibn
uf & complete 5-plane in spaceig% a aixth plage A eampleté%k_plane

| in spaee consists of ! planas (no 3 on the same line ang ge; ;13 on
the Bame pﬂiﬂt) and the 6 lines uf iﬂterseetian of the‘ﬂiahés in '
pairs; The intersection set of 8 fifth plane - and eagh Df/the 4 ‘

-* planes ia a line (hence the L 1ines of t] quaﬂrilateral) aﬁd tbé o
1ntersectiog set of the fifth plané and each nf 6 lines 13 a, pcint o
. " (bence. the 5 points of the quadrilater%l)_ - ’ é-k 9k*;s
| While the ecmpiete quadrilateral and he Desargues céﬂfigdfaﬁign _
Beemilike_vgry gifferent figures one Fs in a sense an extension of
d%thg Dthér and ptth are among the %qs lgenergl figures of all of

" nathenatics,
o N 10 e

L £ : - L]
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7 2 " ) B . = &

oL . . . N - ) . , . ) 5 = N . P . , ) 1‘ g %

g)’ a) 3*3 5, 7, (DI" any other odd number's} ' oo i \ﬂﬁsﬁ

m%7_fmmeQ,,R,~sj etc.. -his

S s T - Answers' -0 .. v I

Exercise% - pp_,E 3 L . ~ e

1) aJ 18, 19; 20 21, 22 g o A

ﬂ)l the empty set

e) square, rectangle :brapég@id, parallelogram, rhombus ~ -  *

3

.*b) o0, 5, 10, 15,. ar‘any Gtﬁér\muﬂtiplg of" 5 (1nc1uaing o)

e) - Q, H;'U' *(Thegstudent could Jabel some - palnts oft
Wn aﬁd thgﬁe would. be.. cgfrect) -

. 3) ' a) 9, 407 11, 12 L o r,ﬂzé
L ' N

Exerclses - pp. 6-7 ' L

#

b) FDB example, if telephone number is 5- 0724 answer‘ ié 5} 7 .

‘KZ?%' N— ._”_ ,a,“ni;:!1;

-

1) The endh of the street, pdssibly ﬁheGintergecticngof‘Main;Streét
wlth the city boundary, if Maln Street goes through the toim.

(LA o e By

r) = Line segneuts 7+ Point dn segments
. s F; l:?: E! E
F, D, E

p‘

o = A
L L)
H o=
Lns)

L]

L]

H Yo ®EmaE®» > >
o

it

WUom e Yo
|

S
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) Et wauld be if We chose”

LA C

ExerciseS_wk 6.
"..-l A ) “_‘;E NV _.,",:

'7:‘.1‘ " ﬁ"‘a;fber‘ %La!cg

%%e CKEH the right

The twaghalfaﬁines determjned by point A and the twa half-lines o

1)  the point A
2) the boint B
3) " line segment AB-

'lt) thE halfﬂliﬂg from

5) - the half-line from

%_5)_~ghe half-line frgm

!.;

o

')

WE mig,t

. intersects wlth the Miss
_.ward withaut 1imit, or-a
‘ ment, - '

© The halfaline weuld be ‘the same -as

.1t would not include the Intersection of.

..the Mississippl River.

1fne starting at the shore of Lake Michigan,

a)

12) the

wmline.frqm<ﬁfta,

7) the half-line from
8) and 9) -

the half—line fr

K; L, M -

the twa rays

W o w 

=

~lines. determinea by the point B.
’ Thé'sétxgﬂ pcints determined by

ik

through B
through A
. opposite__
opposite
determined by At
4 10) and - 11) the two rays determined by B

intersection of 4) and 5) (set Df pa nts batwe
and B exclusive.,of Ac -and B)

. 13) the’ line: on A, andg B
~l4) thespalnts A.and B
1 A-on B and the half 113% fram B on A

thinkgaf a ray of light as a straight 11neﬂEeg;nn1ng
q (source (the Sun) and extending without 1imit, - . -

by could be described as the boundary, line starting ﬂhere it
issippil. (inclusive) and extending east-
t one of the end pcints of the

5

s M ) '\
i & -
Sy v ; -
above ... .t
above - 9

3

the descrlptian abave, except

é

line seg—

the boundary fiine wlt

One could algo describe a

ray and a- haif—

\xsegment KM DP LM and. the ray with

and the ray -détermined by R (to the right of R)

‘R to”
R) 1s' the ;;E;g set.

The intersec

-

Surmdpad dmgrtesiens 0 remir g

he right.
set of

’ﬂnﬁ.'

LR

% '

i the ‘half line -
fthe raY determ ned by R (to the 1eft of

12

)

£

R

]

;*?5.‘7'

e , ﬁ
- D) L, M .

GQ-.The get of pcinﬁs of 1in

- endppint. M 1

d) The set of points of. 1ine segmen$ KM ar'lﬂfand the Tay with
' endpoint L - R
a) R - " R

b) The empty ‘set. T o
; The intersectiﬂn set of the half line from R to

the! right °

the half f“

the—right and~*“

18 .  Wt;;;i;;;;;¥Q;;;;;;
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_See diagram above (8.d)

7‘ ' ( i' . 1 - . é =
. ! » £ » "
= P — —
~VI=-1 = o1
g ~ = -
H o . . =

=2

in#ersecting stree%%, clock handa{ ai;plaHE;ékqgﬁilers, etc.~!

?) itsheet bf paper-_, tal;le top, walls;\ceili"ngs floé{s, blac;lcbgard, .,‘: SR
- _e G- :' X . .>

. . ' )
j ' i‘* ¥ J % v .G i

. 7 4) _unlimited*nunrber B

. ¢ b} unlimited number « §gg»ﬁ

set, -four;’ elem%
the }ine on A and B .',;ge;
intersection set. . ..

jTHmm.m o

v,

[] . ) ﬂ
imtersectian set of £% and Cﬁ 15 AB
interaec‘tion set of 'm  and A is s AB

a) 6 "(fric:m' A through B, from B, etc) / };/

) the sets of points" determined by .

o, l).1 .the ray with éﬂdﬁpoint A L.
-2) the ray with en@ggint B ' liiﬁ o : ; “
3) . the hdlf linef¥gom A * o .
_ . ) i l‘f

%) the. half lin

. '5) “line segmen ; , :
6) intersection of‘ 5) anda 2) (point B)

) point A :Sfaa | ' S
SR \(m p/on ray framB ‘

A quadrilateral is a figure cﬁmfssed of four Qaints, no three on »
a sirffle straight line, and four line segments 'joining them in S
pairs, such that no three line segments are‘on one point.

‘ye’s; if the ifhfee points are nojy colllnear,

K I
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Y15) yes, if all the te K are fille nd th e : < : .
;f§).'gqsi and @ne‘aesk ?cr ‘avery pupii.a K ere 18 Qn@ puptl far ??%ry . “?
2*—#4 f3*—¥5 ﬁ*s%é 5+>10,. 6*§*HE etc. f“"§ SR
" - : by L, T e N
! . Yc)u eduld alsa have, AﬁAB, *Bi—FBC, - Q== CA ) e’ L
e — "j - : ' A + AC, B %;‘BA, T+ QB TR
] . - .PP. 15—17 i L : T o i’ _
1), f“eéset corslsting of a polnt . o ‘ SR
e C on : - and be%ween A and B. ) S ' ' - . "

he set consisting of a line ' - ~
intersecting 1ine sgegment AE?
and nct containing A or B.¥

:}‘; Lo -quédfilatefal - pentégcn
Q4):=Thé set ccnsisting of points R, P, and, U
5);{The set eonsisting of paints D aid E°

- 6) " fPhe. Point W %s the" intersection set of the line segment MK and the J
. .- Iine determined 1 ‘Esints X and Y (or the ray thraq;h X- with - -

-+ v endpoint  Y) A . .

- . The Point X is the intersection set of'the 1iﬁ segment KL and the

v . line segment WY ;m‘ you cculd use r-%y throu W with endpc:int Y
e PR or f-"\ ! =on v

o or " " " line 1 determined by paints w and. Y)

:Tﬁe Paint Y 1s intersection set of the Pay thfaugh L with endp@int M

;:_and the ray through X .with endpaint W- ) R .
|In all of a’bave descripticns you could use halfvlines in place of rays.

°7) Am{L QM,,QWKI L XLY - 8)

=iy EU a
14 L, -




X6 PG 158

©d) iméassiﬁ;é-

bl

-

\d) _ imposyible

weonsider th
8ltuation. ghere one
Inside the clrele, ) AN

Bt Idis), tangent to the~

- /] b
¥ ég

g N . _ . - SN AV E S

16) ¢) 1l.- the set of points outside the tircle andrit thé half-plane “'»
A v .gontaining A ‘and" 2.- the.set of points inside the circle -~
- ~ and in the half-plane not contalning A. ‘ P
P We must also include the points of the circlg and the. lines .

g e =", o o o
ree sir§5ﬁionsfsimila o 13, a, b, and ¢, -
polnt -lies 1ﬁ§3E? and one outside ~. . -

i

" Thgse points were not shad%d in a) or D) elther:, .
17) a) one possibility 1s: bY one poss! ity is: o T
POPSIREN T L e~ Bpeimts e

18) 'The set of points on the line - b;gﬁﬁary lfne - . oo
% oints 1n the halflplan® on oné side of boundary line -

'19) Thie inside is the set of points in~the ®ntersectich set of the '
“"- two half planes determined by the lines on PA contalning B and

. on PB containing A. The outslde 1s the .set  of all other points
& .\ except jthose on the angle. ' ’
. < _ "

.‘;%,

wd, !
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1) e) e intersection eet weuld be etreight line (horieentel)
re the eeili meets the front wellei

.;b)?éThe intereeetie set would be the etreight line (vertieel) where-

' the frent wall meets the eide wall..: )

“le)  Yes, the corner where the ceiling, ront end 81Gé wél‘
’ '1nteree%F Thie is the one common point.- o

‘[é)ﬁ a) The 1ntefeeetien set would be a peint Iying ;‘
o \-;eegment AB and the plane. . :

Lo.E.
&

b} The null gset or empty set i ¢ _xi . ,5;

3) There . are meny pairs. - Dne such pair_would be. -
the lire which 1s, the 1ntereeetie§ set of the frent well end
céiling and the line which 1s the intereection set of a side
--and-‘a baek_well o . t;

'4§ Eevelviﬁg'deere, pages in an open book
5) ‘The intereeetien sets (lines) mentioned in 3. above furnish many
exemplee. Euildinge have numerous skew 11ﬁee v

. 6) ' The -emptly or null set.

5*7) e might call the points lying euﬁeide the  p, i‘lene two halfsepaeee,:
"end the peints on the plane the points of the buundary plane.

9) The faces are sets of points which (if extended) detefmine Qienee
There are slix of these planes. }
The edges are- sets of points which (1f extended) determine linee i
Therk are 12 such lines, .
Thegse lines éer edges) Are intersection sets of palrs of planes. \

. The corners (ot which theré are 8) are the intersection sets of three
plinee not all 1ntereee ing on one line. These intersectlion sets are
points. ' - - ‘

;‘ A
10) The faces are sets of points, each.set (if extended) detefmining a
plane. The planes determined by these sets of points interséct-..
in pairs fqrming 6 intersection sets which are lines (if extended)
The planes intersect in threes, determiming 4 1ntefeeetieﬂ sets
whilch are peinte. ; : ,

“Exercises - pp. 22-23

1) d) yes, D, E, and F are collinear

2) | | ‘
o 3 -




. !i\g . EF N s R 7- 3 . ,9. TiVI_lT , ) -| . .‘

: Exereises - pp. 22—23 Eant : ‘ .
. = ,, . ; H - N ) g
. 4) ‘See figure 3 "o T i ‘

™ .

]

-

5) From the figure above, we see that the vertices of A AA'E and
=" /A BB'F 1lie on the three lines passing through D. AA' meets
BB!' at O, AE 1intersects BF -4t C, and A'E intersects
B'F at C'. . A% can be seen, 0o, C and.c‘ lie on the same line -

(are callinean) : o f \
. ,

g e




B < R . E = . . - L

1

o Eia

.

3.

6...

7:

~. 8.

o oL Yool o, )
/ The set of points sketched bélow represents a _ ~ (ray) .

sgectlon set of Set A and Sei B?

L aﬂé the line on J. (D)

. 9_- L'

L ﬁyif,vzau.

Sample Té¥t Queatimns

The S?F cf pcin?s sketched elow represemta a jfjlihe) _ .

*, ~ \ L - o
A o ‘\l .7 * .

R Y \ - . ”q,ﬁ;'

. ety . . \, Q/ ’\ .

Thé set of pcints RS ‘répresents a _(line segmemt) .. .
R Aa-S TN T o

- . .. * 7 B "‘ i : - _ .
;. The set of points sketched beloy represents a (simple closed

curve).

" get A consists of the elements 2, U, 6, 8; set B conslsts of’

the elements 2, 6, 10, 1l4. What elements are 1in the 1nt§r§

A set must have at Jﬁaﬁt two slementsi

1-

Iy line Segment has EWD end polnts.

In the sketch below, nDame Lhs iuga;s&ctian set of the line on

In jthe sketch above, name three Tine. segments. having L as

end point., _(LM) (LD) (LK)
The 1i@E’Bn C separates the sct of points on the paper into

how many sets? , _ (3)

Look at, the filgure below. o
Ll T W: ’ '! a — - _' o === - %7 T N *
< R ’ T :

Find in column B the name of a set which illuséfatES'eésh

o

g B P B - i . i . Y T - C e Fe

'E%]

-
o
1



: E S - ' : . B
[ I P T R : Vi S T #: T

Atem dn Column . iWrite 1ts nwabem in the space atithe left,

7

’ V . - s
Column A . . fN\, o Column B. « - 3, .f
;;jf&i."'A7 HC5)  :. A. 1line v~ 1l. R . |

- } 57 ;'(3) 7,;?' B. iptersection of two 2. RS e

.~ . ' rays with endpoint T. ‘3, T

?'?;! Elff: (4): . =C;i intérseetiaﬂ of RS and k4. STf:. Lo . .

=

. . (1) . D: endpoint of a ray which .6.. 1. .t
. . . o ) s , . . v \" . V" o
~contains T. % - 7. RTS s

) -

"(2 or 7 or i) E. line segment. . = 8- The empty séﬁlf,é

'm; “m;1?!TfDE 8) F. " intersetction of a ray i,’. L

with endpoint Rand a' - = ° .. - . °

L4
5

‘pay with endpoint T. , . . . . %

_(5) o« “endpoints of a line e ‘_:f /

segment.

=
o
.

. "The set of points on two rays with a common.endpoint is""
called : | |
A; a triangléi

*B. an angle.

" C. a vertex.

. D, ..a side of a triangle. .
13. iﬁhichvane of the following intersection sets is impéésible for
a line and é square? '

A. the empty. set. , - | ‘ .

B. a set of 1 element,.

L]

. a set of two elements.

=

#*D, a set of 3 elements.,

14, The intersection set of two planes 1%

P L 19 o
- . . |

ke



aline. L o R SN |

C.} aplaﬂe.- e

“D. E Peints. ‘ }i: T ) : . ‘s . - ,
- a il
A“:Line on a plane geparates the plane into 3 sets Whidh

3 PlaﬂEsg Y A RO

é 3.;alf planesi:: | : - - e i
2 hale a1:>la.1:*1e.*_3 and a line,
'D. 3 lines. |
ilS?Hﬂwmaqiwilf lines are there ig the figure below? __ (%) . .f
, c le . o

~7

L

g 172 How many rays are there in the figure above? 4;!; yo

AR

_‘ 18§,. HQW many line SEgments"-’

19. It is im assible for the common interseetiqﬂ,cfvthfée planes

tG have an intersectian set that 1s
) ’A.i +the empty set.!& AP , K
| B. a set with one element.

*c--‘a set with two elements.
EQ. How (.m,any triangles does the figure contain? ' : s
AW ' [
B. 6 | - |

6
*C, 8 R

Dc G A ) = '1 . : ;

E, 12

]

et

21, Make sketches in which ghe intersection set of a stralght -
line and a circle 1s the set described, If it is im- y
el pcssibletadraw such a sketch, write-“ﬁnp@ssibie‘;‘l

_— E | 50 ‘:)6; N

= L
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Aruitoxt provided by Eic:




‘sdgiven b ~hing
ting) afathls unit--w5~

ii;» Make a taﬁemenﬁiabaut the ability 1eveL Df therpupils in the v
v -class and state whether ycur schccl uses same plan “of hﬂméa [T
=wfgeheoua grauping_v P S - ’ '

T T @
ig;j',id yeﬁ use ffj'suppiemegtaryvéévelcémenfal materi»f“' B
- If s@, what were ‘they, “and atjwﬁat.péiﬁts_wéré:théy“uSed§ f _

Did you find it necessary tc pr@vide the pupils with adaitian— -
al materialﬁ o

*”“““if SD, Was 1t from- textbcaks cr did yeu write yaur GWﬁF“* fff%mw

;.

‘5 Dc yauxthink that a unit cn thls tapic shculd be included in L
SO regular textbccks for Tth and 8th grades? e

l
I»~ o

~Te2Please: mﬁkﬁ ANY additianalvaamments abcut yauzfteaching XA
' perience with this unit which you think would be helpful to .
Epe Panel responsible for preparing and. experimenting with
i"jtbcck magerials for grades 7 and 8 -

Q‘Vg -
-
N C.
L] . B
R, e T RS e m e e e — - ol .. = s o pn
1
H



‘Easiest t@ : Mcst Difficul

- Teach ©~ - to Téaah
N X o o
B e S
S ¢ o
0 LB
- g~Quadrllateral - _v' T 0 e
TPlanes and skew - o 2 S0, o 1h
. 5 R DA 18
e X 0
T D ‘ ' : 3.

-
2]

ammeﬁtsxcf 18 teachers (23 classes) on UALt -V :(Nén-Metrie
“ametry) fall into two patterns: as indicated by thé‘fallcwing
'Tabbreviations_‘*"Uhderstandable and clear"; %acd unlt"; o
reshingly different"; = '"interesting ta teéch “atudents
R [ the unit"; “bmth éxci ing and frustrating ;7 "bEst :
%,'adaptéd to better students"; = "More .developmental materlal needed"*:
... "some parts too difficult";’ "lacked mativaticn"-“ "students had
"*fcensiderable dirficulty". T s y, _

fsf Stu&ents and teacher dlearn:- tegéther,~~fxm ;mwffow{[mff:;rbf

_ gtudents with I. Q; of 75 1earned some of the definiticns .

, ;eand participated in the class exercises._ , I
,*;%,,: ;wi-; ﬂﬂwadditianal helpful referéneeyis."uHardymagd“wright_ ;;

'Theery of Numbers.} :

T T Students who are unfamilisr with the idea of set.need &
" 1ittle more work with "sets" priar to the intraducﬁian cf .

’"intersection sets.

} less the teacher 1is ccnsciéus Gf hls respcnsibility fDr main—x. s
" taining interest' initially abtained by the “differentness" Qf'”“““”
'ﬁhe material T

. 28
5 = k]
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Aruitoxt provided by Eic:
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derinitiona." He reaerve for 1ater tha syatemati: argan za

The purpaaaa fnr which the unit uaa p:h”

Ta deveiap &H&rgneas of the&accufrenee iﬂ fh§ enviranmsnt Df '*j”_ b

iliustratigna af pﬂinta, linsa, and planas, and alsa af th:eaadimenaiangl

regians baunded by painta, 1ines, and plgnesﬁﬁa':”r

r

- To Antroduce certain Eec’mgtfig concepts and relatipnsi,

L

Ta give the pupils sxperience in discavering empiricgl lawg abﬂut %j;;ghﬁ;;

spatial reiatiegs on thé basis nf systematic nbservatians Qf geametric }1f;;?f

"_figursg_

L]

Tn give the pupils experience in verifieatian af experimentgl

i

esﬂlts and in inférmal deduetive argument ﬁﬁ*tbe hasis of previausly

°s in trianglea.A It is assumed that, the pupils are alreaﬂy familia: ;/<f §

SRS

i g e A e e s p e i ;hp

D." -




18 “Seiin this Qna -

| A | ?”s-

=

s

,a.,mma .t:ampl%ti the. wm;ca;_le;mg:sjm,“a;um:mma.agc»,ms,:l.,m




i Ehe,ahista;fical&i:emarks*aaﬂ_e‘ hﬂtheasamqtitatianqsnd%alsgﬁt ,g:Lt."’_ﬁ.f-

the,ehildren 8 feeling far mathematips as a livigg, grgwing Eﬂiengg! T

and~&a+an intagral part af our culture.. The pupils Ehﬁuld“laﬂkfﬂpf

, __names. iﬂ b@aks andfg;;yclopedias and their reparts shauld ba;pgsted

zizw,er all can refer ta them.- The anﬂual supplements tu sams cf the

eneyeiapédias qften 1ist, under ths heading af “Mathemaiics“ impartant -

: reaen?mdevaiapmgnts; Tﬁase are usually tag technieal iﬁr themchildrenh ;f

Tha Scientifie American then publishes Excelient expgsitnry f”

138’ End regghtlg aeveral PﬁPUlET magaﬁines_guch as, Ebrtpna -

Reader'a Dlgeat! aﬁd Esquire have carried arti@las on mathematics and
. mathématicians.: , cel

e

tht 8 prgvidea backgraund far the study af a transvarsal inté§= .

secting parallelfiinas, ‘and af triangles. It deala with three 11nea

Hhieh intersect in one, twa, three, or no paints, and the assneisted

angle reiatianshipa. The eancepts of vertical aﬂgles and af aﬂjacent
&

ang%ag aré intredueadj and-are defined bw using thé cancipts of: rgy o

) and half—plane uhich vere daveloped in the unit on nan-mstric geametry. ;

!‘ ! y




= 'Ihe Equalit-y gf mea”su;;es af vertical angleg is dEVElupg& :Ln tug :

ways. . First’ the pupila are given e:sreiaes in drawing tua interaecting

linea and in measuring tha anglea farmad- fo axamining the maaaures

ohtained gnd then camparing their results Hith thnsa aﬁt ined nyéth§§l L

Pupils they ahauld arrive at a tentative eanclusien.~ The figura ia

then re-e fnined, certain prapertias af adjaeent angles are nated anax,-

1

the aame cgngluaien is rsached by deductive régsaning-r The uaa Df

data fram measuremeats as a basia fﬂr a tentative ganelusian, fallﬁusd

3
T o AP _ T - +

The emphgsis shnuld ha on the ehilﬂ:en a aiscavering the relaticn— o

bw telling them tha ansuers.‘ Be patLEit and, if necessary, aak,leading

guestisns, but try ta araw the answers cut af the éﬁpdenta. It uill be 7

,ﬂ mare stimulat;ng ta thé uhaie clasa 1f Qna af tham mgkes thﬁ discuvery

ainstead of yeur-telliﬂg:them. Ynu Eh@ulﬂ guide the ElEEB discussian*sc ;1

X

" as ta naka the children realizé the necessity of saying exgctly Hhat
' thay maan. Have ‘the .youngsters critieize eazh athar's fcrmulatiﬁns Qf

: the generallsatiﬂns until they arrive at a atatament of each principla

-«»*Hhiehueatis£;asﬁall.mTThan@gau‘may ahaw thex our. ferﬂulatian for




‘this unit;x When thsy hava finishad the unit, yau’ahauld,

may be illuatratad in carmeeticn g.t.h Exarciae 5 in Part A\. gs t.ha

*H v pﬂsarsmeasuring t.hei:' a;\gles —&ta 1e*ma‘rbe laid*eui%anether:
w _*P“

\ s
hlaek‘bcard, Hith the names of the pupils iﬁ the firat lealm, \a.nd the o

"_H’e tap.

| Angle CAE 'f ! Angla DAG Angla BAEV';f;:

_' racard‘them himself in tha table. After a few pupils hava reparted,

't.he élE.EE es:x obser{ve the ralati,anship bet.ueen tha measu:ements recarded
in Jt.he table, .&and ﬂuté that. while the figures reparted by different
pnpils are nat. t.he/ same, the measurements ébtained by eaéh pupil fn‘:'

R — »;each pair of-. verticai anglaa are nt.ha aamés, Gvf neariymgai -aTha ahserva-rw RER—

tian nf tha nsasurements a’btaimed by sevaral pupi]:s supperts the

o ennclusien a.baut. tha aquality; ni‘ the :geasures af varticsl angles,

[ .

the prae.sdu-re s‘uggesté to tha pupila a mathad of Qrganizimg data Qf

A . Liw
. = a 2z smzm L

thds ed, ST
o In Psrt B, the set .of three 1ines in uhicl: two lines (nat neces-
' 5 aaz'ily pa,rallel) intérsect. a trahaversal is studied. The '&ngle pairs—_

identifieﬂ earlier (vertieal ad;jaeent) are natad, and the new angla

pairs (carrespgnding, altérnata interiar) are defined. H ,,le studying 1

29




P \

The dieeueeien in the peragreph betueen exereiee 5 egf 6 mey

revieu'ef the eeneept ef helf!plene. Reeell thet a line{"%“'hDWhmMW"

¥ -

= . : e -7 #

twe helfsplaneei_’!; vf E %» o zfﬁ'71' , "}; o S

In Pert c, the reletiee betweee the meeeuree of. the e¥? “j;; L

inee fezm with a trenevereel end the intereeetien ef pen—intereeetien fi;giai

ef twe 1inee is explered threugh measurement of engleei The tentetife :

5 ) .
_eenelueion ie fdfmuleted ezd eeeepted; thet when a peir ef eerreependiﬂg

i ST ;‘_

englee heve the same meeeure, tbe lieee de eet ietereeet eed ere perellele

Thie yielﬂe the eeeetruetieﬂ fer perellel linee whieh is ueed in the .f
. . A ' '
‘ unit, with a eeeend prepeeed in: exerelee 8. In Pert D infermel dedue= L

'“tien“ie ueed”te eetabiieh‘the prleciple thet whenwefpeir effelternate";—me

interier englee heve the eeme meeeure, tbe 1ieee ere perellel._;v:gg;'?

In tge E ,:eieee fellouing Eert D, pupile may heve d;ffieuity with

exereiees 4_5_ Dne uey te help thee te reeegnize e femiller ﬂigure

i

within a more co plex one 15 te cover up ene ef the trenevereele end R

\:
exteed the reeei

In exereiee 6— if a T-equere or plastic triengle ie eveileble,

either mey be ueed te demonstrate the epplieetien ef Prineiple 2.

32 weab S g I I y S o .
= . e m i B i - wx i P T Tt S Re YT}

S30, | ,;A: e



3 it wauiﬂitﬂ well to hawe the pupila use :Qmpasses ta draw equilater 

trianglas, if thé gampaaees are available.~ Exereises 10-11j and*alga

s e

‘exareiaeaflza13, pravide an nppnrtunity tg n@te tha¢ gne cﬁnelﬁsiah isf“ﬁf

the canverse of. ths other. ’ i; {'_A;_ ';? : :ii_’fﬁf_ . : tf ;,_g
In Part H, the angle-sum'fﬁr a8 triangle is develgpad, first _
experimentally and then déductively by the use af parallal linea. Awwiwl

RIS S e phes

fé“ Exércisés are pravided,tu shﬂw thé significance of thia PrinciPle: @,

1-',

=

hut additianal anes nay well be used.

Thraugheut the study af this unit effnrt shauld bemqademtc_gncaungge_

i,

the pupils ta discnver felatiénshiﬁs far themselves. beth by megsurement

: l”; :
g and DbSETvatien ef resuits, and by infarmal deductian,; ;d to state o
. clearly, in their awﬁ wgras, what their caneluaiens are and their
é #

B reasgns. Same pupils will find th éxarcises wucp easier th&n ﬁthé,

find them. nge will need help in reading and dilcuing difectians, B +

*?“*“*“Bﬁd“saﬁe‘WElimﬁavé‘EEEEEr gpaee perﬁeptlan than ‘others, ™ It*is,prghaﬁiéfi%
- o s _ 4

R N v A e
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Aruitoxt provided by Eic:
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1ustrat.ic:ns of curvéd aurfa.cés = pipes, l;.ght reflai:ters

wi:ndaws, 1ight pales. B , e

£ : :

. B 7.;‘“Eﬂ3m the Greek words meaning _“aa.:ft:;}“ and meaisureméﬁt;!;"

ERI

Aruitoxt provided by Eic:



by=- O interseeting atraight 1:1'

 fTh?aéngir§ Df verticai ang’ es
46¢

R

vertical ar adjacent-

h-pairs Gf vertiesl anglesxfﬁ,f

o

5 pairs cf adjacent angles.

ERI!

Aruitoxt provided by Eic:



'VZVA'Q.‘m‘
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' 'Ihe figu;‘és are differsnt i.n the relatianships betwean pairs Qf

‘,;inea. e ' o,
The three 1ines may be parallel. %1 Y

.
% !p' -

. 20a. Gne paint., twe points, t.hree pcinta or no point.a; f :

linss mgjf 'be skew, t.hat is they may not 1ie igi one plane. '

=

T e
inte;-s?tian. THQ ma;r be skau ani the third may. int.erseet bt::th

,fﬁrming two iﬂtérsectiana! These may be i1llustrsted Uit.h stlcks

R ar curtain rads. '

L Part B. Two Lines and a Transversal. = '
. Figuras for preblams A and 17. ' |
2. Prqblem 14 == o
. | .iﬁlﬁ intersects my and mj !
* C omp igtérsécts m) and m3
:" ‘ ' mg intersects ml and mp - \ -
LT Prablem 7 - | L
. t3 int.ersee’gs t drd ty A ,u“i ’Q, o .
3. 8 ﬂglggg 4 pairs of vertical angles, angle gfg angle c, a.ngle _&':
angle eg angle g, fa:;gla £ 2 angle h.
4Le Angle a ‘ami angleb, ‘angle b and anéle cj angle c and angle d,
\iﬂgla d and angle a, angle e aml i‘azingla f, angle f and angle g,
N E ~angle g s;ld angle h, angle h and a;ngle;: e. | \

= R
£

- “--All the gdjs.géel;st angle pairs of number 4. ™ 7 o

6. Angla a a.nd angla e, angle ¢ a.nd angle figf: anglesb and f, éngles

: ‘a and h, e | |

 ~_’_7'.; Angle -d snia;ig’le f:ﬁmg%ggana‘i@'gie e
e ' T g c )

T’Uﬁ may in‘t.ersect and bath be skew to the ;hird, yiald;ng c;nly one

,':lines may be skew to each ather and ,gay have no inter—sectians.

g

angle b,



| m-VIII-12
T ' S _ T 4
‘8¢ The four pairs of vertical angles in Example e, by Principle 1.

. ; i . - | . . L

9. @i Angle ¥ | N

-

R __;b.;i ingle 8

| Aﬁgla’
d. ‘Anglas r and P

EP I

. “10e Ansles r and p, angles x and v, angles s and v; and angles 2z

. and Yo - .

be Angie r and angle z, angl® é and angle 8, angle v and angle W,
anglg p and ‘angle y. ;‘ﬂi ‘ . -
c. Angle x and angle w, angle p and angléjg;rv |
de Angle'f'éhdzaﬁgié_x, angle x and angle p, angle v and angle p,
o angie r éﬁd angle.v, éngle z and angle E,:angié 8 aﬁdlangla ¥y
\ angle y and angle W, angle w and angle z. x -

: : , . ) !
Part C. Parallel Lines (Corresponding .angles);

B ¢ ) P e
. 1. Yes. On the sace side of t as the two angles. ! Ty

Lo !
i

2. -IhE'féadS will intersect on the left side of t. :

4. Corresponding angle.

T8

a. Below t b. Parallel® ¢. Above t de Belcwsff' :

e. Parallel  f. Above g. Below h. Pafall%ifﬁf

"i. “Above  j. Parallel k. Below # vk Above-

R

8. The d1ptances between the intersections are equale & !If,E-(GD)f::
e alp e .
et i ) ) o ) . 0 ] o
;iE :-t-'heﬂlgﬂgth of C D, thgn,g (cp) = (g%%ﬁ ) *"Q’SAB)- |

This formula 1is for the information of the teacher.’

.

B

.o R 30 i .
. . 4 i
. . - ) et 7; . 5 N



'711i5; ;v;';l ,“;;;- " . Medsure af ingley . - 1(cp)
R . Ve % -in degraas ‘. - qf l{AB,

10 ° o 3.7 TR
30 ) l-3 . ’ :
40 ! ’ 1.0 T
50 84 o
60 ; : Y A
70 - -
. SQ : ’ N 165 . o o -
——— e I - e lDD -- e L __..!éi_..,..,.,_:‘,_,._,.,‘,.,_ I
e e 110 T ‘ .68 o "
~ T 120 ‘ ' ' o/
~ T 130 a L e84
el 150 | 2.3
L - ) 160 ' L. -
o : : 170 . 3e7 e

e ~_The distance fram CtoD dependa iny on the angle y.-

s DL aweml Fer el sl senis

The minimum distance occurs when angle y % ?Qg.
10. 1f £(AB) is doublea, then.Z(CD) is also doubled.

11. Let £ be the given line." Drav a perpendicular line m

,BT "

P

Mapk off a point Bon n whase distance from the interseatign A af

‘H!u_ | i

AL with m is one inch. Draw the line n through B perpendlculagyla
m. l

Part D. Parallel Lines (Alternate-Interior Angles)

A\

1. _ m,

A

™,

1=

C v1e e B Ln0 T
2. Angle C = 1507, angle d

3. _Anglé B o

. . . ""';" . MY T ) ty
B Fre mamm B . - . ) N . e B ; L N T
- . - R . B L A Tr P P ik
. L. . " T T <




PVIII-l i

e Yaa, tg the right of 4.

8

,f:5. If angle b is larger than angle c, then m) and mg intersect on the
%x‘samefsldé ag angle e, but 1f aﬂgle e is larger, then they intersect
" on. the same ‘side as angle b, by prlncipleg 1 and 3., If angles b

aﬁa%é haventhe same jueasure, then my and m, are parallel, by

priﬁciplesAl and 2.

8. a. ‘Parallel, L b.® Parall€l, 2 c. Above t; 3 d. Below t, 2% or b*
i 'e;' Parallei 2% or 4% 'f, Above t, 2% or 4* g, Above t,_é*w- ;

‘h. Abéve Above t, 4 J. Parallel, 2

Exerciges

t,laﬂd, ii

1. Vertieai, gdjagéﬁt, Eéfféspéndinéi‘altéfﬂaté interior

2. a. aanddor band e or ¢ and f

b. aand b, band ¢, ¢ and d, 4 and €, © and f, f 4and a

¢. a, b, and ¢, or b, ¢, and 4, or ¢, d, and e, ete.

3. a. aandg, band h, c and e, [ and d.
& b. aandh, hand g, g and b, b and &, ¢ and f, f and e, e and d
. 4 . .
: d and ¢

¢. sane as b.

de agndcorbandd .. haud ( «1 g and e

e. band f or c and g

L. a. Angle x 2!753, by principles 4 and 5
b. Angle z 2 ,5°, by principle 4. (If angle z has some other
measure, then,ﬁl,m;sL intersect Rk 5.) 7 -
c. 180° - h
Ewe

M. 65°

*In these eases; use is made of the principle that addaeent angles are

*¥EC is parallel to DE by principle 2.

’ Eupplgmentar ----- _

38 7
44

e



| pevImels
6. be “Principle 2 | e

v

.-{.prféffiEa_ Turningva:étateméntEArﬂund (Converse)
"”j_ffg;ffifﬁegéécnfersé may be false. | i
';ip}Jfﬁéf be f%lse; eaﬁferse'trué_.
:”éiki$rﬁei cénverse i&y be false. ! :fs

~d. May be true or false (vary may not go to school); converse '

"= " also undetermined. o
P : ’ o 4
e. True; converse also true, - ”

4e - Statement __ Converse
a. T | 9

Ca

]
~

Part F. Converses cf‘PEineipla 2 and Principle L.

A

2. Corresponding angles or alternate interior angles.

3. fCorresponding angles should have the aame:méaéuiesa
4. Corresponding angles should have the S&ﬁé}ﬁééaurgsi
5. Angle pairs y and u, x and 8, 2 and W;:E and r.

6. Angle pairs E»éﬂd s, n'gnd us

7. fkngle = = angle w - corresponding angles o .

ng

Anglerw angle s - vertical angles ﬁ o SRR

ne

“~Arigle 2 = angle s - both have the same -measure asxaﬁgle-ﬁam
9. Angle pairs b and ¢, g and h.
10¢ Angle pﬁirs a and-h, band e, f and ¢, g and d =-- earréspandingz

aﬁgleé;

C
if
i
W
n

! %\;ﬁ;}i, 0 o :’ .;




:;.13;}
o1y, C
15,

17.

“Angles b, e, and g = 112°

'Alternate iﬁﬁéfiér.

'
__16. Angle a + angle b
' aggle‘h = angle ¢

angle a + angle c

‘Garrespﬂnding é%gles'at x and s, R and W.
. o

- MVITI6

‘s

- ,Angles a; ¢, d and f = 68°

\

180° Sineegzl_is a straight- line

e

i)

alternate interior angle

—

ne

180° = angle b + angle d.

Same as number 16.

';I.S- ,@2 is perpendicular to t

20.

as
b.

Cs

de

e

‘Ce

€

f.

* Angles k,"g, 1, m, 8, 6;q each 2 1520,

; Ey thé definition of perpenjlcular lin;

Corresponding angles have the same measure.
Angle b has the same measure as angle a.
By thedefinition of perpendicular lines.

4 transversals. ¢ (and d) intersects a and b and a (and b)

“ " interseécts ¢ and d. a and b are parallel lines and ¢ and d °
'a?éQﬁgrallel'linés; \
,,cérréégahding angle pairs are: (e,£), (f£,h), (1,3), (k,4i),

(m:D): (nxp)p (t r); (S:Q); (e m), (fanp (g,ﬂ), (h,P); (1 t)p

.(k 5) (jxr), (i,q).
" Alternate interior ‘angle pairs are: (f,3), (k,g), (n,r), (s,0),

(l:n)s (ksm)x (j)P); (i Q)- v
Vértieal angle pairs are: (e, k), (f,e), (g,1), (j,h){ (m,s),

"'(D"'E}""(QiQ)i"'(pi”f)-' : R

Angle pairs whose measures have a sum of 180° are: (e?h),
(£,8), (1,1), (53), (m,B), (n,0), (t,q), (5,), (eyt), (L,m),
(fgs)g (kgﬁlg (gsr)s (1:9): (hJQ): (ixp)-

Angles f, 1,h, §, n, t, p, r each Z 2g°,.

40



" ¢'and d are énclpsed by 4 line segments.

‘& appears equilateral

T-VIII-17 -

. =:’I§£t_Gs 'Triéﬁgles
-b~§ﬁd e aréitriaﬁgles; £ contains a triangle;,ﬁJ;

ig has enlyi2=1iﬁé’segméntsa_ U

N

Q?apﬁegrsfisoéceles

-9,

- 12.

13.

b, c, and e appear Gealene

“Angle a 2 angle b, angle b
g . ang ’ g

No.

“length of AC alone is doubled, then the angle ABC does not cf

Yes',

1, 6, 7, and 1, 6, 9; The sun of the length of two sides of a

triangle: is greater than the lefigth of the third side.
The sum of the measures of any two sides muscralﬁays~bevgreatgr;.,,is;QQ.;

than the measure of the third side. The length of AC must be less than

T in§h53 and more than 3 inches,

5 ; , 3
A — —+ I G— B 7

Qrg, thus all threé angles have the -

game measure.

If angle a 2 angle b, then

sides opposite these angles have the
A 2 IR

sane measure.
i . m
If angle b = angle ¢, then

same .leasure.

Thus all three sides have the saune measure.

i

in a simple way. If all three sides are doubled, the anglesléif

' \
the triangle do not change in measure.

L1



CTVITI-8 | A‘%} )

7

x-fgatiA ,fA;];;jf_ Part H. Agglea’af a Triangla

g 1. Tha aum af ths measures of the anglés Df a triangle 13\180D

EF‘ngI Angles EAB and ABG are alternate 1nteriar angles, and are. theréfere
g;“‘i”:iﬂequal in mEasureg Angles.DAE and 'ACB are cgrrespending angles and
- AjAare alsa equal in measugé. The sum of the measures of anglea DAE
‘EAB, and BAC is 180D eince DC is a straighﬂ’line. Therefara the
;““ff_“”‘aum aé’tbe* me&asures af‘the angles of the- triangle is ISD° s

?}ﬁﬁAégx Angles FAC and ACB havé equal measures by pr;nc;ple 6.

Desirad DA

As " SDQ _ g{c
'
b 70° 10
Ca 1309 - 10
Cde | 300 10
\
\ \
‘,ééf
7.
S -




2t the meaeure ef 66°.

UNiT VIIT

Y

Sample Test Queetiene ’ _ . -

PART I. TRUE - FALSE

‘7_Little has been aﬂded to- geemetrw sinee it wee inventeé. |
';If ene,_ gle ef ‘an ieeeeelee triangle ie equal to- the;f{;'

'meeeure ef 55 ;'ene of the other twe englee muet be equal

el

. A statement may be true while 1te ccnverse‘éﬂ falee.v{

Lo

' A statement and its converse may both Be true._

'The intersection set of three lines’ in‘e plane must be

by Euelid
-If a triengle hi&

;Equel palrs of eerreepending anglee are fenmed when a

1ftrenevereal intersects twe parallel linee in the same ..

_plane‘ | o P ﬁ

eyt

s

' ‘three polnts.

Many meeern geometry textboeke'ere beeedaenenewrijien

two equal sides, it has. two equal angles.

A1l 1sosceles triangles have the same Ehege regardless of -

' -size.

The sum of the measures of the three interior angles of a-

. triangle 1s equal to the measure of 180°,

;Aﬂiquilateral triangle 1s also a scalene triangle,

.5The converse of g false atatement 1s alwaye felee..~'

If a triangle has only two equal eidee, 1t ean have three

£

three equal anglee.

J”An equilateral triengle 1s alee an leeeeelee triangle.:wm“%m

_If e figure ie a closed curve, 1t 1e e eirele.

o .




'cept

v',‘-znfhe figure a'l; the right A, B,

 and C are symbals for the verticies

3. In th& figure shown at the right

-iiif'all measures are held equal ex-

'cf the triangle.';

"1yfo a tranEVErsal intersécts .any pair of lines in the same

'Qgplane,-tneralternate interior angles.are,equali

o

MDN and side MN; as.

angle,’,N increases in size the length

6f MN will degrease.

. One method of proof is to reduce a statement to a pre<

" viously préveﬂ statement.

The fi
~ean§is
~~1ines.

21 -2

. Fe2.
v F'égq‘

“measure of angle 3 + meéa-

7 oo,

B )

T 25,
ST 26,

Tne measure cf angle ¢ + )

vpitmisrﬁéésible'tg draw a triangle whose sides measure U

inches, 2 inches, and 1 1nch.

gure shown at the right 4! o //
ts of two pairs of parallel . %\f'd

'Usé the figure in marking
6 true or false.

Angle'a = angle 8.
“Angle 3.B angle h. As -

v

The measure of angle a +

‘measure of angle d =

‘supe Ef éngleﬁgi

“ measure angie h = measure Df aﬂsle 2 + meaaure - of angle 5.mm

The figure cgntainsfﬁﬁﬁé than 16 pairs Qf equal angles.

If}gqg;e_fge ‘angle 8 then all the measures of the éngles

‘ :ﬁ ‘ 44 ' M
i e . , :i._.{JQ s




the same plane and

are equal then the

,;Eg;jskew 1rigds

ﬁ C;f perpendieular lines.-
* D, ?interseeting lines. ;;%3' -

‘aEg"ﬁbne of the above answers 1is carreet

”-, E;E_Tf ane angle cf a scalene triangie B 50Q, which ‘of” the fel—

’Qillgwing~statements is always true?
L A, One of the other angles & 90
:'B; Dne,cf the other angles & 50°,

Az
=

'¥¢5 vThe sum of the measures Gfrthé?other'tWQ g !
ﬁ; Two of the sides ére eqgal. )  ’iA7 : i ' 39 
E. One of the other angles ¥ 130°, o
3. In the figure shown at the right, :' -
how mény‘transversals intersect |
. “lines m and n? | 1
SR VI B ¢

- *B, 2.

.
L
i:‘; >
k3
4

4, If. the meastire “of one angle of a triangle 18 equal to the

__smeasure ‘of another angle in the triangle..a _ : 5:Q




| i?“tgg ﬁeaéures of two sides are equal. ?
f E;i nnné af the abave statgmeﬁts is correct.
7?7§;f If twc Eides Df a triangle measure three iﬁches'and four
{f,;; inches, the third side could measure... . . ‘. o
v A. one Angh. ; AN )
st _er sevén inches. 'i , , :
Gi: less thaq oneé lnch IR _ | y
) V*D. more than seven 1nghe3. | |
i;;-d vE;V noneigf the above answers 13 c@rrect "
ﬁvgé; It three lines are drawn on the same plane and noné ;f't?ése_ é

- lines are parallelfxthe figure formed cnuld inalude..ﬁxwfffgi""

R;;A, exactly three angles., eyt o

§‘§

B. exactly two points of lntersecticn;

*C, a triangle. .
D. two closed curves. f/fA .
E. a. réctangle,ﬁf f ’ : \\ | .

o
LI

L T. A éistinct point is.

A. a point you can see.
5 ‘h{"

'B. .a sharp object.

C. 'an important statéﬁénti
.D...a eircular mark made with a pencil.

+ *E, the intersecticn of twcji;nes.




x snd. ye “Wnich ansle forns !

;:with €. a pair of alt%rnate

‘a geémetric figqre; _

*B, a set of Q@ints._1 B,fgfi'i__;_- . :_ -”‘1!{f
'C. a set of lines. "52”}L:;3*1_i;1555‘v;"-‘f?;a?hrjﬂ

D, a set of lines and points. '

a;measure of area. )
.iég In thé figure on the right, whigh dngle forms

with e é palr of cor p nding

aﬁgiesﬁ e S
*A- Ve i

a
.*E_ b ' P

~Cu G

A




liﬂés x and g are parallel Lf... . '_f.;i7

a,s,the same measure as angle d.

c-. has %-hé same measure as angle e.

k<]

8

_;f”ijz;:;égéle o has the sameﬁmeaSure'as angle d:
L * " ; ’ '

e h%s étkre game ﬂmeasure as aﬁgle d.

13. '111 the figure abave, :li‘ the measure of angle e i,s lOO@ the

-measiure Df angle*c s.. .@
s ’;_:fi-.J‘DQQ “

c. 20° vl -

B
%

D. lQD T AU B " v . )

X, In'the ffgure above, an angle adjacent -to angle & 184 ..

s N El : P
Fl S .y . L
: ®
5

and ntersect the trans_

verﬁal j. ; What aré th,g mea—

m:the aama measuré“as, angl%‘,,_b.,._,____ :,i,,; BRI )



ERI

Aruitoxt provided by Eic:






ERI

In the figure at the %ight

_{1ine o intersects linea;m

E

-,and;nQ~ Aﬂgle 5 §~anglé T“QH

i

ifi:ﬁ s

_angle 5

at the right

Eﬂ ﬁhe‘figure

: 33-_

W aﬂgle 10 @ angle 11 and lines
U e # =
e f_afanﬁ'b>are~paralleli Anglg'j:f

Aruitoxt provided by Eic:
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days glven ta the teaehing
,,f“esting) of - this unit:

iMake a statement abaut the abilitzflevel Qf the pupils in t

e “class and state’ ‘whether: yeur sdhﬂﬁ usea seme plan af hcmnﬁ
"*f;}:géﬂecus grauping.

rhw;fteaeh?

| D:Ld :vcru omit aﬂ’y part? L T

,E?Did ycu use any supplemi?tary developmental materials? o

- _If sn, what were they, ané at what peints were they used?ijj[Q;ﬁ

-

-“5,‘,Did you find 1 necessary ta prcvide the pupila with adéltian—zﬁf
Do 'al practice material9 h”;,Wﬂm:, . -

8 Ir 80, ‘was. it from textbooks or a1a you write your Dwn? fﬂf{'”'

[P .-;-,-;-.:,;-,—,..F,es

Se e wermeepmels b oiRhe ek s ..,i--.x:,'w,-:::-":

‘Do yau think that a unit on this tppic shpuld ba included in
regular textbacks for Tth and Bth grades* ‘

Wy

"””TJW“PléaEE make  ANY"~ additianal cemments abcut your- teaching %KE;; "o
o perience with this unit which you think would be helpful to

~——=--the—Panel-responsible for préparing q- experimenting With ™ el
- textbook materials for grades 7 and %n ji,'




E

;vely few were described asklc'r
Qied from 8 ta 26 :

gigs:whieh'W're reprrted mest difficultr:
qher ~these toples

Easiest te Mast difficultv-
Teach ?}'V,W ta TEach

L

13 : R
“Principleshef parallel lines

,i - Experiment,’
ST Applying pringiples ,
ngE““CBHVEPEeE b g e e Tl

Isaseelés tniangle

R It was apparent that the teachers thaughﬁ that
““WES“dlfficult at times,  Some of thém stated-that':ghe
- much discovery; for example:  cutting out. triangle vand.
i*reminded the student of: cutting cut paper dclls. T

- .Onewﬁ .cher remarked that thla unit did nat gc ‘as well as ‘the *!
h,earlv units in her seventh. grade ¢lass. One stated that fer her g
ighth grade class it was- an excellent un;t., L _ :

e Several teachers suggeated measuring angles bY uslng a’ prc-““"
5.,tragtcr. They: prepased that the idea of approximate measurement
:f{be intraduced at the same time. 3 |

L It was suggested by several that principles stated 1n final . .
1 form should be, in the gulde for teaghers but not in the ﬁtudents‘ =fa

T

L‘-,S,n,,-, m 5.3& ”__ ‘ Tt 60 et g



bwith the measure af 1ength, area, and angle and alsc seme ex-

perience with parallel lines and transversals.

seventh grade and some in the eighth

Dngruent triﬁnglesx-

mfamww—ized»inter-changeable«Qarts, such as. nutsTﬁbaltS
-m!vux:thése “must- befaf the. .same” Size andrxﬁape.\i

»\certain measurements of a part are taken; and if tca




X*T:IX-E

-'aﬁ excellent appcrtunity is prcvided to emphasize haw the mathe—

1matician appraaches ‘a prcblem by cansidering a simple and quite

ﬁi“ideal“ aituatian first. It can alsc be pqinted cut that the .~ ;Q"£;
“1deal" situatign cften proves . . '

  tc Ee very useful in salvlng a similar prcblem 1n 1ife. ituaticns.}f7“‘ﬁ

S

’salutign af a prablem in such an

Ifﬁ"i Samé/prefer tc think of the mcvement of one trlangle An a

“wglane 80 ° that it ccincides with a secand triangle to which i
er than the cutting out pfccess selecﬁed 1n the téxt o

cutting out pTDCEBS was' 'made since it seemed fiaf} o

It

is entirely satisfaetary

clear_tc students.

n. the text ‘we suggest a prccedure ’

'?-5@* 

miiar pracess,

ltMam@ﬂsuﬂ%%;ﬁgxwg;;wgw;g;y;;;u

. we can see whether two flgures are.
moving them, py imagining how they

.:.If the figure which is moved is cut.

SS e et o e e i n e wdedee S e B g

alﬁ 56




;aper, then eorrequnding‘pcints, i - paints whicA

Then ask\whethfr

o eapanding paints af the twc figures campare.

ﬁﬁpoin, fbr Pgint so that distances between ccrrespcnding pgints o

.‘_f..b,L . § LT

@?;are equal the figufes will be cgngruent. ‘1A ;“ ﬁ“,

';ﬂ Dn,page 3 weﬁt;y to. get thg ehildren t@ aee thatjtheﬂ

,.Q.i'

vaw with a eampass ‘the figure'fcrmed by all points im};;

whase distance fram a given point 15 4 iﬂcﬁ%s.- Thus they shguldf-“”“

discever that théPE*aTE twe passible pasitians fcr the pcint B,-i’%,

- ;..1] 7
. .

A and C and exiend the lines

A\‘--

ﬂt
sides in paiﬂté P and R respectively- .

1anths equa f Then A' P! and C! R' intersect at the péint M{,;
| | As students begin to look for "tests" fDP ccngruence of twa
triangles, ‘the teacher sn%uld emphasize the advantage of finding

tests as simﬁe as p@ssible, that 1is tests invglving the c@mpaz"isan

El l= B




a practlcal applicaticn Qf tests faf cangruen25~of

- If:the measuremeﬁt of certain parts af#;;mggvr'

;_4

méasures of ,Il%“,

determinaﬁian:

cfyinaccessible tzlj.s‘l:am::esi= Suppase a man' ni'har]iwishes ta fiﬁ

fHe may pick éﬁ@ther nearby lccatiaﬁ N cn the shore Then with a

tsextant, he can méasufe the angles SMN and SNM anduihe distance m'iﬁ”i
_iMﬁ He can then make a drawing tc sca 1 a d measure the distance N

@ﬂéaﬂfmeatenﬁmwhen he studies trigonam%tr ,,he will learn hgw tc

xmfcalcu;ateFihismdistanc@ i;;ﬂdﬁ~ I %;mn;ﬂ;w;ig;
Dn page 5; ‘the- distances of the airplane to chélulu is l?lD

miles, ta three signifisamt figures. In the\scale drawing the length‘F

; {
IR R g 3.28 irghes . “ ‘!
\
‘. b S et 5 e i ) i — . . m e e
o 58 +




and protraeﬁar, it 15 eonventianal ﬁc use the phrai

process may take_iif ;

i

L and nat céver 56

= terial by taaﬁher 1ectur1ng'

?? On page 10, - special attenti@,

e

An Whiéh §W§?si§és aﬁdfag_aﬁglé (ﬁot 1udéd angle) are given,%_,,?"

b ,ggg us‘suppége “that sides AB and’ EC and théﬁangie with vertéx at**“"'“
g , . _

A are giVen.

2
B e v i U D 5 O SN T U T I R s el L e e mreie Aol s R aifieestesad henes it Lo Bshomsac ot Lnn s S e sk e ke




ERI!

Aruitoxt provided by Eic:

agaln emphasizing the_advantage Qfﬂthé

.at- the. tap Df page lu

'ﬁidisccver appraach, fathéf than the mémarizing af canclusi@ns Qf

RS : ot

B

It should be made entirely clear that we have depe ded an

'intuiti n in develaping the faur principies cn ccngruEﬂce.; They are

ered Th- this uniﬁ by eX§eriment and cbservatian:j ''''' ThE“uEEESfY~ﬂHﬁff
avaided thrgughaut since we have nat ,] <_'
_develcped in the units Qn int,ftive gecmetfy a lagical structure ._’;l%:

thWhithprQGf can be ased; Ve might hQWéVET, cgi& what,we da

in,the parts féllcwing the treatment af cangruent trianglea, an S

"“iqfarmal;éeductigﬂ,pracessif

; S
b e e e i ; ;
O ' ‘ 60
IC ! i . P ,




A

)fParallengrams

R

'this secticn. Ganside,atign Df speeial figures like squares,




;f'ment ha 1béen shawn" ’bu'j

,uexercise 5@, it Bay help to drayfalth ccl@red *”f

_,sicns Df the Segme

ts HI JK and JH If the

these three 1ines, and ask aga;h If the pupils stili d@n't see-itr

‘ask them t9 skiﬂ thraugh Infarmal Geémetry I agaif; an_Ato try tc

find a figufe Similar ta this ane If necessafy, y@u shguld then hv7‘ %

that_

f’Qfangles 1n the figufe are egual

cancufrent 1ines§3; v"

& ge@metrlc Pélatienships.'

# i -

Again



]

P R & kA . - ',_; .
LT AIXA9. |

SaE

;; If the teaeher wishes to spend q@re time*on this “naterial

ti@ned in the text - The c@ncurrency of the b%gectarg of "two -
»

LR Y

cf the exterlpr angles of a triangl% and the bisgctor of the.

Gther (intericr) angle of the tfiangle would provide far furthep R

“aw

study of this idea on the part of pupils who may find 1t’ so intef— -

‘“*egting;that théy wish to give further: time- i@—thestapig.kfug;m;&wf;;§
A RigLﬁ Triangle Principle T : o - o ff :

e Mt:)st eighth grade texts include work on the Theorem c? )

. Pythagoras and it is intended that the teaeher use his own %
judgment in adding té the materlalﬁ Df this unit fram what he »__*4f

may want to teach from his own text. This comment %ppl1§&4i¥:ﬂj;
ularly to the applications of this prlncip;e to which no atte tian
T

. 1s gilven here. In other words this topic 1s. treated more from the

" point of view éf_maLhématical interest than of practical interest.’

While the steps used 1n reachlng the principle {ﬁ noc. sense

other principles or which have®lLeen accepted on the ba§§§§3f ex-
: , . : < N
*péiimental evidence b
The teacher showia i .w, .ivacrly 1a mina that the purpose of

the comparison of the two syuares 1is to arrive at the conclusion’

-
< . g " = . R - =
£ 4 8% =t &
w7
/
!; ¥ i
: , _ 69 F )
L B e - ‘




R o ga M.

“ o ’7 N I SR ToeT o { . W %
) T M b . ' o
Giaa T o ;g .- T- I}:—lD . % * "
A i = st é;

. where r-and s ag% ‘the 1engtns of the sharter sides of a right LI
triangle and t 13 the Iéngths@f the hyp?EEnuse.' An appeal ié made
f%a tise.of areas af squares té do this, which incidentally guggests
' why we might read I: ~r13quar§§. The unit is writﬁén*sggthat tﬁe
vzstudent ;will arrive at this CQﬁGlUSiﬂﬂ thfcugh the - eifrgises: "

?rather than having iﬁ p@in d aut to h m by the tea@hep and é%ens
1 ) _

g
pf'nr::vecl.~ N . o . ’+7i S
A \3 # ¥y S e -
E& Tha arder of stéps in détegmiﬂ, gi?igure E is i%portant.‘% - é%? -
The pupil $ﬁbuld first draw the square ui%ﬁ units Dﬂ a side, and ’
& % E:
“then in éach csfner measure off the triangles as suggaated inatheg .
Aieiti lt then temdlps to drgue that the guadrilatérai EFGH’ is a
k) i ” . :
}gguagég This guadrilateral, of course, repfesents whaﬁ we: usgglly
. S 7 ¥ » - - A ‘ @
call th? "S*quar‘é on the Lypuwlaniuos, Y ¥ . ) .
. S 3 : LA - T
In writing this wnit C Tare *Lidcgyl, lutrodudeggarefully and
N E 1 \al v %y:: LS A aliw . Ef ] %g
h‘ s R = ]
gradually the 1dea ol cap.coslpd (he resull An the form.of *an n
£ - L ET Lt
équaticnz v . A a "
"g{;;'\e: ; ; LS . ‘J - : % v
i L a: o#s v o
‘J‘&? ' = : * o
- : \ o -
A% thig point it is n. s nvial thau che students master the jdeas
(‘%@ ) ) S v l i‘ :
gf using letters Lo slu. d 1oa tnawwels. ) . " & &
i All right tr 1@1‘5#‘5u  buen 8o Lhose ou page o5, with Integers#
P - 3 ) ‘ 7 o (23N .
as measyges of the sldes . aw Lo Lulalued Lrom the, formulas - f%@
’ 2 2 ) E Lo o ‘ &
. a.= 1 =- 1 l‘ L. %jh,._ £ = LA ¥ : ;“;E ?; ) i
. ] . !;. i . v E {R.
where m and n are a,Lil,ary . | gule o.oh Chat m>a. (0Of course, .
Lo . L - * . . '
a.and b may be interchanged ) Fou e.ample, LI m = % and n = 4, & Y
- . ._:? Los .
_ & : i *
e obtai ase f-on page 25, . = y L = 40, a@nd c = 41 e
'?, ik ii;:- 1 ! EY 4
* * -
@ i1 g;%‘
“ - (810 b ’ e



CpeIX-1l, 0 %
{ The Babylanian tablet feferred to on. the previ@us page 1is

' Plimptan 322 1n the Calumb;a University ccllecti@n, and appgars

‘on plate 25 in Neugebauer and Sachs, Mathema@iaal Cuneifarm Tex€%

E) ¥

Amerlcan Qriental Society, New Haven, Cﬁnneéticut )
& * F

Pythagaras was born Dﬂ the islaﬂd of Samos abéut 572 B.C. 1In

N
532 he migrated tc sauthern Italy and founded a semireligiaus

bfcﬁherhagd at. Cr@tmn. This sgciety beeame mixed up in pclitics,

-

wbich led.-to attacks by enemies. Pythagoras ‘then.moved. tamMetaawm___j_

pann;um where he died’ ab@ut 495 B.C.. You can obtain mbfe 1nférmﬁ-

_ation ab&hﬁ his ‘Wwork from Heath, A History of Greek Mathematics,r' N

.

=‘¥Qxfard University Pfess. PLutarch's Lives is a very famaus classic. .

It is alaa assumed “that the pupil will nat have had much

‘numBErSi The use of .the symbol, #’; for square raat has been avaided
Y . *
= W % ]

usuaily The teacher should feel perfeqtly free to g£VE a more ade-

’ quate f{reatment if the puplls are prepared fcr it -- that 15 if they

e

‘\i’f'

are- already familiar with the ldeas of square and square roots and

¥
.. «theﬂuseni? the symbal fur agquare rcot

In order to avolu GLLEL complications while the emphasis of -
3

attentian ‘is %? ge@métric ldaaﬁ, it “is auggested in,the unit that a

&

table of square rouls should bg_uééd, While im is nct the place

3

aboul the mﬂat apprcpriabe methad t@

-

"here to enter lﬂLu %h; aigulch

A &

teach .the Squéfﬁ Lot yLuuagg} it dué%rse§m clear that alI
o & % . ®
students. shoyld have haa aperience with faadlngna table Of square
4. .. r@ots.rga,.mA e ' .o e ;A L R
c . . . T i
gpe aﬁpraximate naluce g;fth& square root of 5, for example,
B - v )
as read fyrom & table o: ¢buputed, cannot be émphasized too much
¢ :(?; {&ﬁ &) ‘ # . ¥ )
] o : - G
% i}‘::; . £= - . {
L s ," 'l
I _in ﬁ o
o w 4 S 05 .. my. . .Y :
g} - L ' fl Y [ #




PITX-12

&

If this is the first experiencé of the pupil with. square root he )
;_shculd be given scme exerc;ses in which he finds such products as
1.4 x l;Q, li4l x 1.41, and 1.414 x 1:414, He should see ‘that

‘while none of these numbers 1.4, 1.41, and 1.414 is a square root

I

of 2, that each of these gilves an appruxlmation of' the square root
‘of 2, which may be satisfactory four some purposes. Lt would be well
‘also to compare the product 1.41 x 1.41, which is less than 2, with

- -the prcduétel.42'x 1.42, which 1s move than 2. This comparison _

shows that the square root of 2 lies somewhere between 1.41 and 1.42,

The pupil should also recygiilse that the 'square root of 2" 1s
' : ' T~
a number even, though he may not Le aLle Lo cxpress 1t exactly using

]

decimals or fractions.

Exerciges 1l and l< are li.leaded Vo show that we can by geo-
i

metric considerallons v wt. .t w uugm <0 Lhe lengih L which 18 the .

square root of =z. Theoe piob e w e slucred aud may, vl course,

=

be Qmittéd 1;‘ t'},\f- (==Y T | I S

/ @;

§

-




' T »,%;{_v ‘ . ;T-iXELB
'~ (Answers to the exercises)

‘~P§r£ A. Congruent tiriangles. :
T S L o L ;
: ' L

4

ST 1L B

S — — . -
' The meagdfe ggif%hgfauéi&a A, B, and C are, respectively,
: ' B2 82 29 g", ¢ 2 y1 241 35",

and -
.ss B, 1/8 = .125, cos C = 3/4 = .75

cos A = Y/16 - Hoen,

The various distaices may e computed by the law of cosines: if a,

&

b, and ¢ are the iengihs 1 (he sildes of the

the angle A, B, and . reuyp. wllvely, then
ag = bg v ¢© . 2be cos A, etc ) :
£

9
1

o

In order to calculaic Lo mewsurc of ,
= I = .
- 30 4 106 - 25 27

2
L a 20+ 16 - 25
T TTETEN L T =18

-

.
L B W

cos A - ,
If we wish to calculate .. a..tance from b Lo D, E, F, G, and H,
) #

then we l'fé.y appiy Lhils taw +o the [lgure

/
ol e

tfiangle(AEﬂ opposite -

L

~ i {
A, we have solved for cos’' A:

¢

aF



STL TRy i p s

-

;f;gﬁdléﬁfaih ﬁhéﬁgélati@n T o o
) y%a e? + x° - 2c-x cos A

- 2 9
which yields the table B o ; B

»

1 =
e . T . T
2 = 3.317 . Do e e
e - = 3.391 0 oo
= 3.742 )

oo

Jiaﬁ% 4,301 L

Vwﬁﬁﬁzdistancesin the rest of the table may beicomputéd in the same

-

< ¢
i . @
© way, o

¥ . . - : &

-

o Of course, the children are supposed to obtaln these diétangés
by measuremerit, instead of cumputation. We have included here
- this additional information for your benefit. There may be an

¥

occasional pupil who wouid profit from the discussion here.




. A B ¢ D. E - F & H 3 K . L .

Caflcor w67 1.0 2 3 b 5. 1 2 30

Bl o4t o 5 3.53 3. 32 3 aﬁ 3.7% 4.30 3 2. L

515 166 187 25@73;{-32

"1 4,98@2;57 2.50, - a. 8; f‘s ag’;\ A1

the L:lgngLea JAE, KAG;

nctiée that theée Iamilles t:);t trlangles are s‘imila‘rﬂ and ﬂﬁt t.he
L . :3 . . N




;

‘ 'éfe congruent, but not congruent to -the trilangle

Tn

tr aﬂgléhié'ﬁct congruent to those of numbers 1 and 3.
2Ty _;-g- ’ . . LT i . . B

ingles /anhd the included side of ‘one triangle are .equal

easure to 2 angles and the included side of another

:

angle, the triangles are congruent.

g

des jihcluded by the angles with the same measure do not
"21E§ are not necessarily congruent.

"' "¥XERCISES IN EXPLORING TRIANGLES

;ktfiéﬁg;esgapﬁéar-t@ be congruent
T P P r S
Ra¥<The triangles appear lo, beé congruent e
-iéirﬁéfaqﬁﬁhé_bagE%”@f the triangles compared

A1l 6 trlanglés are congruent. All sides .dre egqual. All the-
triangley are equilateral since all theircangles have a measure
of 60 degrees.- ' ’ ; L ‘

o (aﬁfrbfaﬁ'a line segment equal to the meg@gure.of one side, call

" 4t AB.*«Place a thumb tack at .A and ano Wer dt.B. Tleknots in

- .¢ theé stping. dividing the string into- lengths “that have the same A

%" .meapures-as the second and third sides’of the triangle. Attach
‘the 'end knots to the 'thumb tacks at A and B. Stretch the string

: {f;ti%F%-and‘place a thumb tack at the third knot C’to form triangle

;"g e AE' 7. 7‘ ) . . . y . L r ) o .

- s = .
R .

e - N A . . = E




, \ T-IX-17

'i£e'té11§Whéﬁher the triangles are congruent. If thé'carrespénding

;angles Qf two- trianglés are equal in measufe (case i), then the
_triangle3;§£e similar. The quotients of the 1engtha of corresp@nd-"

_ 1ng sides in the two triangles are equal. For exampleﬁ in the

triangles below,

e

if a, b, ¢, d', b', and c' are the lengths of the sides,

then
i = L 2
al b\ c_!_ 2
#

The swi ol L@ i woutr.e wi Lhe angles of a triangle is 180
degrees. Thereivire, in case V, 1f two angles of one triangle are

equal in measure Lo (he fori.opundlng angles of another triangle,
w : .
then so are the thl.d uigiles I Lhe tirlangles equal in measure,
7z ) . \
Thus case V can bLe rcuused Lo case oIl ‘
AV

l:;i Triaﬂgléé BLE Lol Thiere 1S uﬂl"‘y c;m& way to ?%‘dw the
triangle unde. these co.ultions N

2. The th_iI‘d’ sufglg, wlll hia o llie slAme wgdoule

et
—

angle C = 95%, .ugl. F= Y Le .rlangles are congruent,
3 B
T R
27 L _ x
A G ¢’
f’-:
;o



T-IX-18

The p@sslble pasitiang;cf the point C on a given SidE\Df the

line AB such that BAC =
‘The set of all points C
-4nches is the circle with center at B and radius 2 inches.

lntersect;an of these two sets consists of 2 points,
above.

C' .and C"

In case V,

“one triangle are equal

another trilangle,

In case VI, 1if (w.
j:n one triangle airé oyu
of another triaungle. U
" congruent. See ex. . da
Pact D: Lo Lt .
1. (Ei) 14 (L) v {
(&) v (1)
2. ¢ ai.d dJd \") & L
vious chnapt.r )
rart E:
1. a LY <Juie t
) b éach one .. (;
c principl. 4
d principle 1
) R § 51
2. No A \\
3. No ' ‘
]
¢, b
~ f 5 Im
l:,)g (E) hi = Dl ye-
6. 70 T BO. e aub T
AQF ¢+
< ®OP T - bor =
8. (c) yes

~&

The pcssible lengths of AC are

1f Lwo anglés

30 degrees form a ray with endpoint at A.
such that the distance from B to.-C 1s 2
The

indicated by

= 1.28" AC = 3'?*4’? = 3 92",
and o oids Dppualté one of thém in
inL measurs L., Lhe correspondirig pafts of
then the triangies are ccngruent

1

2

slac. and an angle opposite one of Lfhem
el b o nesaow oo, Lo Lhe G\,I.L‘I'Ei’él.)andlﬂg parts
i, UL Urlangled ale not necessarlly
\
Lo o,
i st L ol ANu Lo
) v (1) .V (<) 11 (1) 41
[
[ 1 \ v L abn o lpde do Ll g e
iy . Lol



L peIX-19

A8, by construction
es congruent by Pr%neiple 3.
BR and ABS are 90 since thgy ere equel in measure

eum Df their meeeuree ie lBO

"'No ® .
. CF . ]
o -y

12. One is the converse of the ‘other ' .,

10,

13.. E and F lie on the perpendicular bisector at CO, by principle
“‘6_,,‘ Thére is no other line on E end F exeept,@ thus 2 1s the
perpendieulef bisector of CD.

PARALLELOGRAMS ~ 7w - CETTeT
i{}! f- ‘ :/ ) .. . i » 9. 7 V
V 2 [ ] ﬁbn% B ] . ' . ) &
4 The ﬁrienglee are congruent.. AB 2. pe, 'E§'§7AD; ~£-Ev§ e;_D;{;
2T cc, - 1?3»1 " !

5. a. _PPineiplee 1 and 5 in this ehapter

b. Principle 1 if HJ 1s drawn

¢c. HI end JK are parallel, intersected by the tranevereel ‘HJ.
IHL 2 HJK, since they dre -alternate interior anglee
(prineiple T in the previous chapter.) Similarly, HK and

IJ are parallel lines intersected by the transversal HJ, and
HJI B KHJ for the same reason.

‘Triangle HJK 1s congruent to triangle JHI, by Principle 2

&

ol

6. a. Definition of a @erellelegfem.
b. Principle 7 of the previous chapter
¢. Same Teason .
d. Any number 1s egual lo itself. .
e, Principlg ' .
f;vaPinEipl 1 : '
8. aB 2 cp. AiLEL‘neLe iulsnei‘,lux engle%l at A e.nd €, B and D are

equal in measure. aM = MC and DM = BM since trienglee AMB
e.nd CMD are eengfuent by pringiple 2. :

1 Foye

-9, The sum of the meavures ol - A‘and £ B is 180° degreeei If ,
AB 1s extended, then 1t l1s scen to be a transversal intersecting.
the lines BC and AD in uvuch a way ‘that eerreepending angles. have
;ggel measures. Therefore BC and AD are parallel. Similarly 4AB

CD.are parallel, and so ABCD is.a parallelogram, by de~. . ...
finition. g X ré‘
\ L
/ e ‘ )
) , 7 .
- %! . B ‘:— .




T—lx—go -

;1@2»;3. Trianglés ABC and CDA are ccngruent.
T b Principlﬁ

© ¢.-. .« ADB Z..4:CBD and < ABD I <« CDB,
d.- Eringiple 4y of .the previous chapter.

Qll;* The quadrilateral is a parallelogram.
. If the diagonals at a quadrilateral bisect each other, then the i
- -qua@irilateral is a parallelogram. / A B

Ay

.12; The statemént in number 8 is probably true.

'13. . Show.that triangles ABO and_BCO are:
.~ eongruent. Then angle AOB = angle BOC .

[E]

oc® - | /O

2

a

'15. Example: the diagonagls qi/a rectangle are equél in length.
hte : , 7 i , :

3

;e

"part G: = CONCURRENT LINES

H a; (a) | i . (b)

tadid ML,

N _ § _.j ! - Ji . ' &

By The perpendicular uvlsecior. shunld be concurrent

6. 'Th% PEFPEDaiEuiaP blseculOrs afe&ggngurraﬁt in-any triangle : %g,ﬁ
9.. The altitudes are

Part Hr

[

Wﬁl_$wé;7 49 square 1nches'
* b, 9 and 16 square inches
e, 12 square inchez.
el - o - ] ) ’ - .
‘3. AF = BG, AE . BF angle A = aygle B. Principle b, ' ’
e e L E r - '

b, 'Efiﬂcip;e;l‘ L

™
X

T




S TP TY=01

180°%, 90%, 180°, | 90°, 90

5§‘YES.S Efiﬁgiple h

R ST R

;8} FTﬁ§measures of the area at square EFGH of figure > 2 and’ the
< .sum-of the: measures of the areas of, the squares in figure 1
’*53fe,the same , .

4¢T§;ffThé:area Df the square with 1ength of sides EF is measured by‘
- the: sum of tﬁe Yrea of the squares Df the two Eh@rter sides Df
: h -the,trianglé AFE . e R

. U T
Part I;* : A RIGHT T ANGLE PRINCIPLE Son ; |
' ?ggab ' b E B m', . B ¢ o oL 3‘:;}‘:'

fa

 a. 5" 12 13 3 2 ,,
by 7 . o2k 25 L 3 I
soe, 8. =15 17 4 1 ot
gy T 2040 21 29 5 =) ; e
e, 42 .35 37 6 1
R i 9 SEHO T 4l 5 - .
' g. 28 5 53 T 2 1
- h, 11 60 61 6 5 _
i, 56 33 65 7 i
3. 16 63 65 8 1
k. 48 55  ° 73 - 8 -3
o m, -~ 36 7 85 9 2
‘n,, © 39 N\ 80 89 8. 5 g
Lo,. 65 L= 97 9 ‘ §o
. Pl 20 99 101 10 .1

This table Was cousliucted by using the fact that if m“and n

o S ,
f;fafé any twa integEra'wlih mj) n, then m® g*g’ 2 mn and n® + n?

ﬂare %he lengths gf tné si1des ol a ight triangle. You may verify -

the“i&ﬁntity R 7
T ;'f, ‘ . ’
s sn‘:’r‘; ’ é& (m = i3 7 ;i t ( e “Lr]) é ( ﬂ

4 E [
ases a = m g_né and b = 2 mn, and in Dthers
% .,.3 - .. .

n® a Qit is an interesting thearem that all

right trianéﬁes * the' lengthg Qf whose: sidEsdare 1ntegers, can be .

‘3& d L

Dbtained in this w%y - &




-~ 7

"ﬁEE

TalX 92

16 4 9

625 = 49 + 575

2.2

5

Egu

b.

‘bg

bi

4]

6#@ |

LR

s

115§

400

'>1f yau kan the measure Qi the area af

side by taKLng the gauare root of, this

.:'361

?

—y= L
’ =]
3 2 4 E
-

05 + lun’"f*f?F*TTTff%égff
256- 4" 144 T

3.6 0 L e
& o
13 o

"1

a square, yau find lts
measure .- Measured

yalues of square roots shauld be apprcximately the same as_; -

.

2,48

5}5:

x campleﬁed v%ﬁyei

~ Square root of 2 =
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